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In this work, we provide a simultaneous and accurate description of the pi+pi− and pi±J/ψ invariant
mass distributions of the recent BESIII data on e+e− → J/ψ pi+pi− together with the e+e− →
J/ψ K+K− cross sections at e+e− center-of-mass energies q = 4.23 GeV and q = 4.26 GeV.
The rescattering effects between pions in the S and D-waves are taken into account through the
Muskhelishvili-Omne`s formalism. Since the physical region of the pipi invariant mass extends above
1 GeV, the important KK¯ intermediate state in the S-wave is implemented through coupled-channel
unitarity. For the left-hand cuts, we account for the well established charged exotic state Zc(3900)
in t- and u-channels, while the other contributions are absorbed in the subtraction constants. For
the e+e− → J/ψKK¯ we provide the prediction of the two-kaon invariant mass distribution. The
constructed amplitudes serve as an essential framework to interpret the present and forthcoming
measurements by the BESIII and Belle II Collaborations.
I. INTRODUCTION
The charged exotic charmonium-like state Zc(3900)
was discovered simultaneously by the BESIII and Belle
Collaborations in 2013 both in direct production [1] and
using initial-state radiation [2], in the process e+e− →
J/ψpi+pi− and soon confirmed using the CLEO-c data [3].
In 2015, the neutral partner was observed by the BESIII
Collaboration in the same reaction with neutral pions
e+e− → J/ψpi0pi0 [4]. Recently, the D0 Collaboration,
using proton-antiproton collisions, has found a signal of
Zc(3900) in non-prompt semi-inclusive weak decays of
b-flavored hadrons [5, 6]. Furthermore, in recent years,
BESIII has observed Zc(3900) in the e
+e− → (DD¯∗)∓pi±
process using a single-tag analysis [7], a double-tag analy-
sis [8], and also by analyzing the neutral channel e+e− →
(DD¯∗)0pi0 [9]. The most precise data so far has been re-
ported in Ref.[10], where an updated BESIII analysis of
e+e− → J/ψpi+pi− allow us to determine the spin-parity
JP = 1+ assignment of the Zc(3900).
From the theory side, the nature of Zc(3900) is still a
puzzle [11–14]. Most likely it corresponds to a pole in
the unphysical Riemann sheet, which could be a hadro-
charmonium [15, 16], molecular state [13, 17] or a vir-
tual state [18, 19]. The peak at the Zc(3900) position
has also been interpreted through a kinematic effect [20–
22]. The most popular scenarios correspond to the tri-
angle singularity associated with D∗0(2300)D¯
∗D [21] or
D1(2420)D¯
∗D [22] loops. In both cases, the left-hand cut
branch point stays relatively far away from the physical
region, either due to the large width of D∗0(2300), or due
to the off-shellness of D1(2420) for q = 4.23 GeV and
q = 4.26 GeV, and only the D¯∗D threshold cusp gets
enhanced. However, as it was pointed out in Ref.[23],
the recent BESIII data [10] indicate that the Zc(3900)
peak is more enhanced for q = 4.23 GeV compared to
q = 4.26 GeV, in contrast to what one expects from the
threshold cusp enhancement mechanism due to the trian-
gle singularity. Additionally, the contribution from the
rescattering process has to be accounted for, which typ-
ically smooths out kinematic singularities. To shed fur-
ther light on this puzzle, it will be very helpful to observe
the Zc(3900) in other decay modes [24]. Besides, it is im-
portant to clarify if there exists a possible strange partner
of Zc(3900), the so-called Zcs, which can show up in the
KJ/ψ distribution of the e+e− → J/ψK+K− process.
So far, Belle [25] and BESIII [26] have not seen a clear
structure in the KJ/ψ mass distribution, and future high
statistics measurements are necessary.
The purpose of the present work is to demonstrate
a dispersive amplitude analysis, which can be applied
in the experimental works to describe the whole Dalitz
plot with minimum assumptions about the nature of the
charged Zc state. Our work is a continuation of the
previous work [27], where for the first time, a disper-
sive amplitude analysis was applied to describe e+e− →
ψ(2S)pi+pi− Dalitz plot projections [28, 29]. In our cur-
rent analysis, the recent BESIII [10] data on e+e− →
J/ψpi+pi− play the central role. We present a simul-
taneous description of the pi+pi− and pi±J/ψ invariant
mass distributions by providing rigorous dispersive treat-
ment of the pipi final state interactions. We account for
Zc(3900) as an explicit degree of freedom in the t- and
u-channels and unitarize the pipi final state interaction on
the base of the Muskhelishvili-Omne`s formalism. Other
possible left-hand cut contributions are absorbed in the
subtraction constants which we determine from a com-
bined fit to the e+e− → J/ψpi+pi− Dalitz plot data and
the total cross-section data for e+e− → J/ψK+K−. Due
to the relatively large physical region of the pipi invariant
mass, we also extend our previous analysis of [27] to the
coupled-channel in the pipi S-wave and include the D-
wave. Allowing for a minimum number of parameters,
which enter in the form of subtraction constants, and as-
suming the absence of Zcs at q = 4.23 GeV and q = 4.26
GeV1, we provide a prediction for the invariant mass dis-
1 Due to the strange quark mass, it is reasonable to assume that
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2tribution for the process e+e− → J/ψ K+K−.
In our analysis we do not aim at a description of the
full e+e− → J/ψpi+pi− cross-section and instead imple-
ment the q2 dependence model independently, by apply-
ing our formalism for each q-value independently. The
study of the two possible resonance structures seen in
the e+e− → J/ψpi+pi− total cross-section [31] is beyond
the scope of this paper. Rather, we want to use the
available Dalitz plot projection data to make a simultane-
ous description of both pi+pi− and pi±J/ψ invariant mass
distributions and obtain a prediction of the K+K− and
K±J/ψ invariant mass distributions. This is different
from the analysis performed in Ref.[32], which focused
only on the pi+pi− invariant mass distribution to get in-
sights into the structure of the Y (4260) state from the
light-quark perspective. Though the analysis of the pipi
final state interaction is similar in spirit to ours, there
are several technical differences, which we will point out
below.
II. KINEMATICS
The double differential cross section for the
e−(p1) e+(p2) → γ∗(pγ∗) → J/ψ(pψ)pi+(ppi+)pi−(ppi−)
process can be written as
d2σ
ds dt
=
e2
25(2pi)3 q6
1
3
[∑
λ1λ2
|Hλ1λ2 |2
]
, (1)
where we have neglected the electron mass compared to
the e+e− center of mass (CM) energy q =
√
p2γ∗ . In
Eq.(1) the helicity amplitudes Hλ1λ2 are defined in the
usual way,
〈pipiψ(λ2)| T |γ∗(λ1)〉 (2)
= (2pi)4 δ(pγ∗ − pψ − ppi+ − ppi−) Hλ1λ2 ,
with
Hλ1λ2 ≡Hµνµ(pγ∗ , λ1) ∗ν(pψ, λ2) , (3)
where λ1(λ2) denote the γ
∗(J/ψ) helicities, respectively.
For the process γ∗ → J/ψ pi+pi− the following Mandel-
stam variables are chosen,
s = (ppi+ + ppi−)
2 ≡M2pi+pi− ,
t = (pψ + ppi−)
2 ≡M2pi−ψ , (4)
u = (pψ + ppi+)
2 ≡M2pi+ψ,
the strange partner of Zc(3900) would have a heavier mass (in
particularly, Ref. [30] predicts a mass of 3.97 ± 0.08 GeV) and
therefore Zcs cannot be seen as peak in the KK¯ invariant mass
distribution for q = 4.23− 4.26 GeV.
which satisfy
s+ t+ u = q2 +m2ψ + 2m
2
pi . (5)
In the following we use the kinematics in the CM frame
of the di-pion system, and define z ≡ cos θs as the cosine
of the angle between the ppi+ and the pψ momenta. Thus,
in this frame the following relations hold
t(s, z) =
1
2
(q2 +m2ψ + 2m
2
pi − s) +
κ(s)
2
z,
u(s, z) =
1
2
(q2 +m2ψ + 2m
2
pi − s)−
κ(s)
2
z, (6)
where
κ(s) =
1
s
√
λ(s, q2,m2ψ)λ(s,m
2
pi,m
2
pi), (7)
and λ being the Ka¨llen function. Consequently, z can be
written in terms of t and u as
z =
t− u
κ(s)
. (8)
III. DISPERSIVE FORMALISM
In this section, we briefly describe the dispersive for-
malism that we adopt to account for the rescattering
between two pions (kaons), which generates the most
important singularities at low energies in the s-channel.
The partial wave (p.w.) expansion reads
HI,λ1λ2(s, t) =
∞∑
J=0
(2J + 1) d
(J)
Λ,0(θs)h
(J)
I,λ1λ2
(s) , (9)
where I is the isospin, Λ = λ1 − λ2 and d(J)Λ,0 is the
Wigner rotation function. For better readability, below
we will consistently suppress the isospin indices, and re-
trieve them at the beginning of Sec.IV. On account of
causality, the p.w. amplitudes should have contributions
from the left- and right-hand cuts,
h
(J)
λ1λ2
(s) = h
(J),L
λ1λ2
(s) + h
(J),R
λ1λ2
(s) , (10)
where the branch cut due to the two-pion interaction
starts at s = 4m2pi. We note that the amplitudes h
(J)
λ1λ2
(s)
are subject to kinematical constraints, which in principle
have to be removed before application of dispersion re-
lations. The hadron tensor Hµν of γ∗ → J/ψ pipi can
be decomposed into a suitable set of Lorentz structures
given in Ref.[27] (see also [33–37]),
Hµν =
5∑
i=1
FiL
µν
i , (11)
with Fi the corresponding invariant amplitudes. One
can then show that for the S-wave the p.w. helic-
ity amplitudes are correlated at the kinematic points
s = (q ±mψ)2,
h
(0)
++(s)± h(0)00 (s) ∼ O(s− (q ±mψ)2) , (12)
3while for the D-wave the kinematic correlations between
different p.w. helicity amplitudes are more complicated
and can be found in Ref.[37]. As it will be shown in the
next section, for the considered kinematics most of these
constraints have a negligible impact on the results, since
the sum in Eq.(1) in the physical region can be written
in terms of H++ only, i.e.∑
λ1λ2
|Hλ1λ2 |2 ≈ 3 |H++|2 . (13)
Under this approximation it is enough to take into ac-
count only the so-called centrifugal barrier factor for
J = 2
h
(2)
++(s) ∼ O (γ(s)) , (14)
γ(s) ≡ (s− 4m2pi)(s− (q −mψ)2) ,
which comes from the properties of the Legendre poly-
nomials entering p.w. expansion in Eq.(9). We note,
however, while Eq.(14) is exact for s = 4m2pi, a zero at
s = (q − mψ)2 is only approximate and typically a few
MeV away. This is related to the approximation made in
Eq.(13), which we will discuss further on.
The discontinuity across the branch cut in the s-
channel is given by
Disch
(J)
++(s) =
1
2 i
(h
(J)
++(s+ i )− h(J)++(s− i ))
= t(J)∗(s) ρ(s)h(J)++(s) , (15)
which can be straightforwardly extended to the case of
two cuts (coupled-channel case) in the S-waveDisc h(0)++(s)
Disc k
(0)
++(s)
 = t(0)∗(s) ρ(s)
h(0)++(s)
k
(0)
++(s)
 . (16)
The two-body phase space ρ(s) is given by
ρ(s) =
1
16pi
[
σpipi θ(s− 4m2pi) 0
0 σKK θ(s− 4m2K)
]
, (17)
where σαα(s) = λ
1/2(s,m2α,m
2
α)/s, with α = pi or K.
The {pipi,KK¯} coupled-channel scattering amplitude t(s)
is normalized as Disc (t(0)(s))−1 = −ρ(s). In Eq.(16),
k
(0)
λ1λ2
(s) is the S-wave amplitude of the total helicity
amplitude K++(s, t) for γ∗(q) → J/ψKK¯. We note,
that in the p.w. expansion of the γ∗(q) → J/ψKK¯
process we include an extra factor 1/
√
2 in contrast to
γ∗(q)→ J/ψ pipi in order to match our normalization for
the hadronic p.w. amplitudes, which ensure the same
unitarity relations for the identical and non-identical
particles. For the S-wave the standard Muskhelishvili-
Omne`s representation for the left-hand cut subtracted
p.w. amplitude is given by (modulo subtractions)h(0),R++
k
(0),R
++
 = −Ω(0) ∞∫
4m2pi
ds′
pi
Disc (Ω(0)(s′))−1
s′ − s
h(0),L++ (s′)
k
(0),L
++ (s
′)
 ,
(18)
where the coupled-channel Omne`s function (with 1 = pipi
and 2 = KK¯)
Ω(0)(s) =
Ω(0)11 (s) Ω(0)12 (s)
Ω
(0)
21 (s) Ω
(0)
22 (s)
 , (19)
satisfies the following unitarity relation
Disc Ω(J)(s) = t(J)∗(s) ρ(s) Ω(J)(s) . (20)
Since the tail of the f2(1270) resonance could over-
lap with the physical region, we include D-wave single-
channel pipi-rescattering. As discussed previously, we fac-
tor out the known threshold factor and write a dispersion
relation for h
(2),R
++ (s) (Ω
(2)(s))−1/γ(s) which leads to
h
(2),R
++ (s) = γ(s) Ω
(2)(s) (21)
×
{
−
∞∫
4m2pi
ds′
pi
Disc (Ω(2)(s′))−1
(s′ − s)
h
(2),L
++ (s
′)
γ(s′)
}
,
where under the dispersive integral we slightly adjusted
a zero of γ(s′) at s′ = (q−mψ)2 to match exactly a zero
of h
(2),L
++ (s
′), which is few MeV away. One can notice,
that the overall threshold factor γ(s) is also needed to
compensate the singularities of z = cos θs (see Eq.(8)) of
the full amplitude HR++(s, t) at the borders of the Dalitz
plot (i.e. at s = 4m2pi and s = (q−mψ)2). This is different
from Ref.[32] where in the dispersive representation no
threshold factors were taken into account in the D-wave.
In our formalism, we are accounting for the pipi rescat-
tering effects only in S- and D-waves, and beyond that
(for J > 2) the p.w. amplitudes in Eq.(10) are approx-
imated by the first term, h
(J),L
λ1λ2
(s). In other words, we
keep the cross channel p.w. expansion to all orders. That
is crucial to get the description of the full Dalitz plot,
where there are peaks structures in both pipi and piJ/ψ
systems. The final result for the total helicity amplitude
can be written as2
H++(s, t) = HL++(s, t) +
2∑
J=0
(2J + 1)PJ(z)h
(J),R
++ (s),
(22)
where the sum goes only over even J values due to Bose
symmetry of two pions and C-parity conservation.
2 We note the difference between Eq.(22) and the reconstruction
theorem written in Ref.[27]. The latter is correct only for the
scalar particles and needs to be modified for the particles with
spin Ref.[38]. Since we only considered rescattering effects in
the s-channel and h
(0),t
++ (t) + h
(0),u
++ (u) almost coincides with
HL++(s, t) in Eq.(22), this has no effect on the results in Ref.[27].
4A. Left-hand cuts
The cuts associated with the crossed channel exchange
terms, i.e. h
(J),L
λ1λ2
(s), are approximated by the charged
Zc exchanges, motivated by the experimental data [10],
where the Zc(3900) axial-vector state and its kinematic
reflection show up as clear peaks in the piJ/ψ projection
for both e+e−-CM energies q = 4.23 GeV and q = 4.26
GeV. According to the mechanism γ∗(q2)→ pi∓+(Z±c →
J/ψ + pi±), the helicity amplitude can be expressed in a
general form as follows
HZcλ1λ2 = (VZcψpi)βν Sνµ(Qz) (Vγ∗piZc)µα
× α(pγ∗ , λ1) ∗β(pψ, λ2), (23)
where Sνµ(Qz) is the axial meson propagator. We use
the following vertices [39] 3,
(VZcψpi)
βν = CZcψpi
(
gβν (pψ ·Qz)− pνψQβz
)
, (24)
(Vγ∗piZc)
µα = Fγ∗piZc(q2)
(
gαµ (pγ∗ ·Qz)− pµγ∗Qαz
)
,
where Qz = (pγ∗ − ppi), CZcψpi the coupling among Zc,
J/ψ and pi and Fγ∗piZc(q2) is the corresponding transition
form factor. For the present analysis, the latter should in
principle encode for two resonances, as observed in the
data [31]. In our formalism we will perform two inde-
pendent analyses at q = 4.23 GeV and q = 4.26 GeV,
without any assumption for Fγ∗piZc(q2) to avoid possible
model dependence.
By inspecting Eq.(23) for our particular kinematics, we
observe that the helicity amplitudes, HZc++ and HZc00 give
the main contribution compared to other helicity ampli-
tudes. Furthermore, HZc++ andHZc00 turn out to be numer-
ically very close to each other |HZc++| ≈ |HZc00 |. Therefore,
one can write the sum in Eq.(1) in terms of only HZc++
(see Eq.(13)) and this approximation has less than 1%
error in the physical region. A similar observation was
also made in Refs.[41, 42] based on the heavy-quark non-
relativisitic expansion.
3 In general there are two vertex structures for the axial-vector-
pseudoscalar transition. The different choices used in the litera-
ture were e.g. reviewed in Ref.[40]. As we only need the on-shell
vertices for our purpose, we can conveniently choose the second
vertex structure of the form:
(V
(2)
Zcψpi
)βν = C2 p
ν
pi
(
Qβz −
pψ ·Qz
p2ψ
pβψ
)
,
and an analogous expression for the second V
(2)
γ∗piZc vertex. We
checked that by including the second vertex structures with the
same order of magnitude of the couplings, only leads to a very
small difference for the total unpolarized result. One reason for
the small relative contribution with the above choice of vertex
structure 2 is the suppression due to the pion four-momentum.
Therefore for the purpose of the unpolarized observable, the use
of one effective coupling (vertices in Eq.(24)) can be applied and
its value adjusted accordingly.
The expression of the helicity amplitude HZc++ in terms
of the invariant amplitudes FZci (s, t) is given by
HZc++(s, t) =
s− q2 −m2ψ
2
F1(s, t)− q2m2ψ F4(s, t)
+ (t− u)2 s(q
2 +m2ψ)− (m2ψ − q2)2
2λ(s, q2,m2ψ)
F2(s, t)
+ (t− u)2 q
2 +m2ψ
2
F3(s, t) , (25)
where
FZc1 = −
Fγ∗piZ CZψpi
8
(
4 t+ q2 +m2ψ
t−m2Z
+
4u+ q2 +m2ψ
u−m2Z
)
,
FZc2 = −
Fγ∗piZ CZψpi
8
(
1
t−m2Z
+
1
u−m2Z
)
, (26)
FZc3 =
Fγ∗piZ CZψpi
4 (t− u)
(
1
t−m2Z
− 1
u−m2Z
)
,
FZc4 = −
Fγ∗piZ CZψpi
4
(
1
t−m2Z
+
1
u−m2Z
)
,
FZc5 = 0 .
Due to the polynomial ambiguity of the p.w. amplitudes,
we will consider only the pole contribution. Based on
the fixed-s Mandelstam representation one can show that
the pole contribution corresponds to fixing t = m2Z and
u = m2Z in the numerators of Eq.(26). This procedure is
in line with the definition of the on-shell transition form
factor Fγ∗piZc(q2) and does not change the amplitude in
the physical region.
B. Triangle Singularities
For the three-body decays, it is frequent that the left-
hand cut overlaps with the right-hand cut and requires
special treatment in the dispersive formalism. In our pre-
vious analysis of γ∗(q2)→ ψ(2S)pipi [27] such an overlap
required a distortion of the integration path which was
performed by including an additional anomalous piece
[43–45]. For the processes considered in the present pa-
per, the overlap of the left and right-hand cuts does
not introduce anomalous thresholds, but still require the
proper analytical continuation for the energy variable
q2 → q2 + i [46, 47] due to the presence of the so-
called triangle singularity [11, 48, 49] associated with
Zcpipi loop. Indeed, for q = 4.23 GeV and q = 4.26
GeV the exchange of the Zc(3900) state in the triangle
loop can be on-shell, satisfying the Coleman-Norton con-
ditions q2 > (mZ + mpi)
2 and m2Z > (mψ + mpi)
2 [50].
This implies that the branch point s− associated with
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FIG. 1: Comparison of the absolute values of the scalar trian-
gle loop function C0(q
2,m2ψ,m
2
pi,m
2
Z ,m
2
pi) calculated numer-
ically using Feynman parameters (dashed red line) with a
dispersive evaluation (solid black line) at q = 4.23 GeV. The
vertical dashed lines indicate the kinematically allowed decay
region, while the solid gray line in the inset is exactly at the
position of the triangle singularity.
the left-hand cut
s− =
1
2
[
q2 +m2ψ + 2m
2
pi −m2Z −
(q2 −m2pi)(m2ψ −m2pi)
m2Z
]
− κ(m
2
Z)
2m2Z
, (27)
is located just above the two pion threshold but in-
finitesimally below the real axis [22]. We note, that the
q2 → q2 + i  continuation guarantees that the branching
point never crosses the unitarity cut and the dispersive
representations of Eqs. (18) and (21) are correct. Due
to the finite resonance width, however, the effect of the
triangle singularity smears out, since the singular point
is shifted further away from the physical region.
There are several ways of accounting for the width of
the Zc(3900) state. The proper implementation requires
modeling the propagator using a spectral representation
[47], i.e., it should have sound analyticity properties, such
as pole on the unphysical Riemann sheet and the right-
hand cuts starting at piJ/ψ and DD¯∗ thresholds. This
analysis is beyond the scope of our paper due to the
lack of experimental information. Since the width of the
Zc(3900) meson is relatively small (ΓZ = 28.2 MeV) [51],
we follow here a pragmatic approach by implementing
the finite width in the denominators of Eq.(26). In this
case, it is possible to cross-check our dispersive imple-
mentation on an example of a toy model of scalar fields
with a constant (equal to unity) interaction between pi-
ons. As one can see in Fig.1, the result of the dispersive
calculation and the calculation via Feynman parameters
in perturbation theory give the same results. For illus-
trative purpose, we also show in Fig.1 the result based
on using the spectral representation of the Zc propagator
[47], but accounting for just one channel piJ/ψ as it was
done in Ref.[32]. As expected the difference is negligible.
Due to the narrowness of the Zc(3900) state one can also
observe in Fig.1 that the peak is still relatively sharp.
However, the inclusion of the unitarization through the
Muskhelishvili-Omne`s representation smears it out in the
Dalitz plot.
C. Omne`s functions
For the S-wave isospin I = 0 amplitude, we use the
coupled-channel Omne`s function from a dispersive sum-
mation scheme [52, 53] which implements constraints
from analyticity and unitarity. The method is based on
the N/D ansatz [54], where the set of coupled-channel
integral equations for the N -function are solved numer-
ically with the input from the left-hand cuts which we
present in a model-independent form as an expansion in a
suitably constructed conformal mapping variable. These
coefficients in principle can be matched to χPT at low en-
ergy [55]. Here we use a data-driven approach, and deter-
mine these coefficients directly from fitting to Roy analy-
ses for pipi → pipi [56], pipi → KK¯ [57] and existing exper-
imental data for these channels. After solving the linear
integral equation for N(s), the D-function (inverse of the
Omne`s function) is computed. The obtained coupled-
channel Omne`s function has already been successfully
applied for the photon-fusion reactions γ(∗)γ(∗) → pipi in
[37, 58–60]. The Omne`s function for the D-wave (I = 0)
is constructed directly from the pipi phase shift [56] and
given by
Ω(2)(s) = exp
(
s
pi
∫ ∞
4m2pi
ds′
s′
δ
(2)
I=0(s
′)
s′ − s
)
, (28)
since the inelasticity around f2(1270) peak is suppressed
[51].
IV. RESULTS AND DISCUSSION
For the S-wave contribution we write a twice-
subtracted dispersive representation. Due to the coupled-
channel there are in total four subtraction constants. For
the D-wave we allow for one subtraction. Even though
the dispersive integrals are formally convergent with less
subtractions4 they acquire significant corrections from
4 For the S-wave both h
(0),Zc
++ (s
′) and Disc (Ω(0)(s′))−1 are
asymptotically bounded (modulo slowly varying logarithm),
while for the D-wave h
(2),Zc
++ (s
′)/γ(s′)s′→∞ ∼ 1/s′2 and
Disc (Ω(2)(s′))−1
s′→∞ ∼ s′.
6FIG. 2: Diagrammatic representation of the final state interaction of the process γ∗ → J/ψ pipi (KK¯).
FIG. 3: The physical meaning of the left vertex of Fig.2.
the integration over large s. Therefore, we implement
over-subtracted dispersion relations in order to reduce
the sensitivity to the high energy region and the effects
of additional unknown left-hand cuts, such as possible D-
meson loops or contact interaction [32, 42]. To check on
the physical importance of the latter, we will also com-
pare in the following for the S-wave contribution the fit-
ted subtraction constants with the sum rule result which
one would obtain from a once-subtracted dispersive for-
malism.
For the S- and D-waves we diagrammatically show the
contributions in our formalism in Fig.2 (with the input
from Fig.3). For all higher partial waves, we take the con-
tribution of the pure Zc diagram only (first term on rhs
of Fig.3). Since the dispersion relations in Eqs. (18) and
(21) are written for I = 0 we need to encode the trans-
formation coefficients between isospin and the physical
amplitudes
H++ = 1√
3
H0,++ , K++ = 1√
2
K0,++ . (29)
Therefore, for e+e− → J/ψ pi+pi− one obtains
H++(s, t) = 1√
3
[
HZc0,++(s, t) (30)
+ Ω
(0)
11
{
a+ b s− s
2
pi
∞∫
4m2pi
ds′
s′2
Disc (Ω(0)(s′))−111
s′ − s h
(0),Zc
0,++ (s
′)
}
+ Ω
(0)
12
{
c+ d s− s
2
pi
∞∫
4m2pi
ds′
s′2
Disc (Ω(0)(s′))−121
s′ − s h
(0),Zc
0,++ (s
′)
}
+ 5P2(z) γ(s) Ω
(2)
×
{
e− s
pi
∞∫
4m2pi
ds′
s′
Disc (Ω(2)(s′))−1
s′ − s
h
(2),Zc
0,++ (s
′)
γ(s′)
}]
,
where HZc0,++(s, t) is a pure Zc-exchange and we put
h
(J),L
0,++(s) = h
(J),Zc
0,++ (s) and k
(J),L
0,++ (s) = 0 according to the
discussion given above. We note that the partial wave
amplitudes h
(J),Zc
0,++ (s) were properly modified due to the
presence of logarithmic singularity (see section III B). For
the e+e− → J/ψK+K− there is only a S-wave contribu-
tion corresponding to
K++(s, t) = (31)
Ω
(0)
21
2
{
a+ b s− s
2
pi
∞∫
4m2pi
ds′
s′2
Disc (Ω(0)(s′))−111
s′ − s h
(0),Zc
0,++ (s
′)
}
+
Ω
(0)
22
2
{
c+ d s− s
2
pi
∞∫
4m2pi
ds′
s′2
Disc (Ω(0)(s′))−121
s′ − s h
(0),Zc
0,++ (s
′)
}
Below we perform a simultaneous fit to the pi+pi− and
pi±J/ψ invariant mass distributions [10] together with
the total cross-section data for σ(J/ψK+K−) [26]. To
ensure that the e+e− → J/ψK+K− total cross-section
constraint is well accounted for and contributes realisti-
cally to the total χ2, we re-scale its error by the amount
of experimental data points above the KK¯ threshold in
the pipi distributions. In our fits we therefore minimize
χ2tot =
1
Ndof
(
χ2pipi + χ
2
piψ + χ
2
KK
)
, (32)
where
χ2pipi =
Npipi∑
i=1
(
dσThi /dMpipi − dσExpi /dMpipi
∆(dσExpi /dMpipi)
)2
,
χ2piψ =
Npiψ∑
i=1
(
dσThi /dMpiψ − dσExpi /dMpiψ
∆(dσExpi /dMpiψ)
)2
, (33)
χ2KK =
(
σ(J/ψK+K−)Th − σ(J/ψK+K−)Exp
∆σ(J/ψK+K−)Exp/
√
2NKK
)2
,
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FIG. 4: The most economical fit with four real parameters at q = 4.23 GeV and q = 4.26 GeV (see Fit 1 in Table I). The
BESIII data is taken from Ref.[10], which was normalized to the total cross section given in Ref.[31].
with
Ndof = Npipi +Npiψ + 2NKK −Npar . (34)
The number of data-points are: {Npipi, Npiψ, NKK} =
{42, 42, 7} for q = 4.23 GeV and {Npipi, Npiψ, NKK} =
{44, 43, 8} for q = 4.26 GeV. Note that in the pipi and
piψ data sets we omitted the bins that cross the boundary
of the Dalitz plot.
Due to an overlap of left- and right-hand cuts, the sub-
traction constants (a, b, c, d, e) can in principle be com-
plex, which together with the product Fγ∗piZ CZψpi leaves
us with eleven parameters for each e+e− center-of-mass
energy to describe the data. We definitely do not want
to over-fit the data and describe some variations in the
data that could just be statistical noise. Therefore, we
decided to start with the most economical fit in which
we fit four parameters as described in the following, and
will then compare it with our best fit which has seven
parameters. The summary of the fit results is given in
Table I.
We start with the case when all the subtraction con-
stants are real in the S-wave while for the D-wave we
use an unsubtracted dispersive representation. It turns
out that the fitted value of the c parameter is consis-
tent with zero and therefore it is justified to ignore it for
this initial fit. This leaves us with four real parameters.
Even though this parameterization is not perfect, it pro-
vides a good description of the data as shown in Fig.4.
In particular, in the pipi mass distribution the dip struc-
ture around the KK¯ threshold comes out naturally in
our formalism due to the f0(980) resonance. In addition,
the PDG [51] averaged mass and the width of Zc(3900),
mZ = 3.8872(23) GeV and ΓZ = 28.2(2.6) MeV, seem to
be well in agreement with the data for the piψ mass dis-
tribution. Furthermore, it is worth mentioning an inter-
esting observation: if we fit only the piψ invariant mass
distribution for q = 4.23 GeV or q = 4.26 GeV, the
post-diction for the pipi distribution reproduces very well
the major features of the data5. This implies that our
framework has the correct ingredients in the simultane-
ous description of the data. As seen from the parameter
values of Fit 1 in Table I, we also find that they not vary
much between q = 4.23 GeV and q = 4.26 GeV. This
is in accordance with our expectation since the consid-
ered e+e− center-of-mass energies are different only by
30 MeV. Therefore, the parameters of Fit 1 determine
the starting values of our improved fit.
A significant improvement over Fit 1 can be obtained
by adding a phase to the parameter a and to a lesser ex-
tent also to the parameter b, since the subtraction con-
stants a and b are mainly responsible for the description
of the data below the KK¯ threshold. The region above
KK¯ threshold is a bit more complicated since the c and
d parameters play a significant role there. Due to the
absence of the KK¯ mass distribution data, we keep the
subtraction constants c and d real. From the analysis
of different fits we found that for q = 4.23 GeV a small
non-zero value of the phase φb allows to improve the fit
more, while for q = 4.26 GeV the parameter c plays a
more prominent role. In addition, we allow for one sub-
traction in the D-wave, which may differ from the un-
subtracted sum rule value. As a result, we decided to
limit ourselves to the following “best” fit scenario with
seven parameters: for q = 4.23 GeV we consider the
product Fγ∗piZ CZψpi, a, φa, b, φb, d, and e as fit parame-
ters, while for q = 4.26 GeV we consider the product
5 The opposite is not true, because by fitting only the pipi distribu-
tion it is hard to constrain well the parameters of the Zc state and
the post-diction of the piψ distribution is then only qualitative.
8q = 4.23 GeV q = 4.26 GeV
Fit 1 Fit 2 Fit 1 Fit 2
|eFγ∗piZ CZψpi|2 × 107 5.8(4) 3.4(3) 2.9(2) 1.3(2)
a˜× 10−3 3.3(1) 3.9(2) 4.1(2) 5.3(4)
φa(rad) − -0.50(2) − -0.33(2)
b˜× 10−3 -9.2(4) -11.2(6) -11.2(5) -15.8(1.2)
φb(rad) − -0.20(2) − −
c˜× 10−3 − − − 4.6(6)
d˜× 10−3 -4.0(1) -5.0(3) -4.3(2) -11.6(1.0)
e˜× 10−2 fixed to sum rule 8.1(1.1) fixed to sum rule 3.1(2.5)
σ(J/ψK+K−)Exp [pb] 5.3(1.0) 3.1(6)
σ(J/ψK+K−)Th [pb] 4.4(5) 5.2(2) 2.9(4) 3.0(3)
χ2tot 3.4 1.7 2.5 1.3
TABLE I: Fit parameters entering Eqs.(30) and (31) which were adjusted to reproduce the empirical pipi and piJ/ψ invariant
mass distributions together with the cross-section σ(J/ψK+K−) at e+e− center-of-mass energies q = 4.23 GeV and q = 4.26
GeV. Tildes on top of a subtraction constants indicate that they are given relative to the couplings constants entering h
(J),Zc
0,++ ,
for instance a˜ ≡ a/(Fγ∗piZ CZψpi). For easier comparison of the fits with real subtraction constants (φi = 0) and the fits with
complex subtraction constants (φi 6= 0), we restricted φi in the region (−pi/2, pi/2), i.e. allowing to have ± signs in front of the
absolute value. Errors on fit parameters are shown in brackets.
Fγ∗piZ CZψpi, a, φa, b, c, d, and e as fit parameters.
The resulting parameters and χ2 are collected under
the Fit 2 in Table I and shown in Fig.5, where we also
show contributions from the individual terms in Eq.(30).
We see that our results are in very good agreement with
the data. As a conservative error estimate we show in
Fig.5 the spread between the Fit 1 (our most economi-
cal fit) and Fit 2 (our best fit) results. We found that
the remaining parameters, beyond the seven parameters
considered, have a rather small effect on the pipi and piψ
distributions and can be determined only when very pre-
cise data will be available.
It is instructive to compare the fitted values of the b˜, d˜
and e˜ parameters from Table I with the sum rule (SR)
estimates resulting from a once-less subtracted dispersion
relation. Such framework implies e.g. for the parameter
b the relation
bSR = −
∞∫
4m2pi
ds′
pi
Disc (Ω(0)(s′))−121
s′2
h
(0),Zc
0,++ (s
′), (35)
and analogous relations for d and e. Using our Zc pole
model for the left-hand cut we obtain
q = 4.23 GeV q = 4.26 GeV
(b˜SR × 10−3, φb) (-0.6,0.9) (-0.6,1.0)
(d˜SR × 10−3, φd) (-0.3,1.0) (-0.3,1.0)
(e˜SR × 10−2, φe) (-0.07,-0.9) (-0.06,-0.7)
which for b˜ and d˜ are approximately 20 times smaller in
magnitude (and even more for e˜) than the fitted values.
This implies that besides the direct production of the
Zc (first term in Eq.(30)), which is responsible for the
peak regions in the piψ distribution, the two pions are
predominantly produced directly in the transition from
the Y state to the J/ψ state through a contact term
and subsequently rescatter. Our analysis thus shows that
the rescattering of the two pions happens predominantly
without going through the Zc(3900) state. In compari-
son, the dispersive analysis in Ref.[32] indicates that the
left-hand cut contributions from Zc are as significant as
the chiral contact interaction and the D-wave contribu-
tion is comparable to the S-wave contribution in almost
the whole phase space. Apart from a different treatment
of the D-wave rescattering in a dispersive formalism (as
discussed following Eq.(21)), it is hard to compare both
approaches since we do not imply any particular dynam-
ics on the contact interaction. The main aim of the
present work is to perform a data-driven analysis of both
Dalitz projections, in contrast to Ref.[32].
Since we obtained a simultaneous and accurate descrip-
tion of the BESIII data for the pi+pi− and pi±J/ψ invari-
ant mass distributions, we find it justified to predict the
K+K− mass distribution. As one can see in Fig.6, the
obtained shape has a rapid rise just above the threshold,
which is quite different from the pure phase space, i.e.
when K++(s, t) is replaced by a constant. This behavior
is due to f0(980) resonance and we expect to see it in fu-
ture experimental measurements. For completeness, we
also provide the prediction to K±J/ψ mass distribution,
which is just a pure phase space in our approximation.
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FIG. 5: The black curves are the total fit results. The individual contributions from the pure Zc(3900)-exchange, the pipi
re-scattering in the S and D waves are indicated by blue, red and green curves, respectively. On a practical level, these curves
correspond to the first, second plus third and forth term of Eq.(30), as explained in the text. The shaded bands indicate
the spread between Fit 1 (thin curves) and Fit 2 (thick curves) results. The BESIII data is taken from Ref.[10], which was
normalized to the total cross section given in Ref.[31].
V. SUMMARY
In this work, we provided a quantitative and simul-
taneous description of the pi+pi− and pi±J/ψ invari-
ant mass distributions of the recent BESIII data on
e+e− → J/ψ pi+pi− together with the total cross-sections
σ(J/ψK+K−) at e+e− center-of-mass energies q = 4.23
GeV and q = 4.26 GeV. A crucial element of our analy-
sis is the well established charged exotic state Zc(3900),
which we account for explicitly in t- and u-channels. The
final state interaction of the two pions in the S- and D-
waves is treated using the dispersion theory. For the
S-wave, we consider coupled-channel unitarity since the
kinematical region goes beyond the inelastic channel KK¯
and the effect from the f0(980) resonance impacts signif-
icantly the observables. On the other hand, for the D-
wave a single-channel Omne`s approach is adopted since
the lowest resonance in that channel, the f2(1270) tensor
resonance, decays predominantly into two pions. The fi-
nal amplitudes depend on a set of subtraction constants,
which have been fitted to the BESIII data. A simul-
taneous description of pi+pi− and pi±J/ψ mass distribu-
tions together with the cross-sections σ(J/ψK+K−) is
achieved through a four-parameter fit. We showed that
the latter can be further improved by adding phases to
the subtraction constant and allowing for one subtraction
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FIG. 6: Theoretical predictions of the K+K− and K±J/ψ invariant mass distributions of the e+e− → J/ψK+K− reaction for
e+e− center-of-mass energies q = 4.23 and q = 4.26 GeV. The shaded bands indicate the spread between Fit 1 (thin curves)
and Fit 2 (thick curves) results.
in the D-wave contribution. We found that the resulting
seven parameter fit yields a very good description of the
pi+pi− and pi±J/ψ mass distributions together with the
cross-sections σ(J/ψK+K−). Our dispersive formalism
shows that besides the direct production of the Zc, re-
sponsible for the peak regions in the piψ distributions, the
two pions are predominantly produced through a contact
term in the transition from the Y state to the J/ψ state
and subsequently rescatter. For the e+e− → J/ψKK¯
we provided the first theoretical prediction for the two-
kaon invariant mass distribution, which is significantly
different from the pure phase space.
The constructed amplitudes provide powerful tools to
analyze future data by the BESIII and Belle II Collab-
orations. It can also be readily applied to study e+e−
annihilation into Υ(nS)pi+pi−, where charged bottomo-
nia like Z±b states have been observed.
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